Abstract. We consider a class of singular parabolic problems with Dirichlet boundary conditions. We use the Rayleigh quotient and recent Harnack estimates to derive estimates from above and from below for the solution. Moreover we study the asymptotic behaviour when the solution is approaching the extinction time.
Introduction
be the weak solution of the following initial boundary value problem: u t = div A(x, t, ∇u), (x, t) ∈ Ω × (t > 0), (1.1)
u(x, t) = 0, (x, t) ∈ ∂Ω × (t > 0), (1.2)
where Ω is a bounded domain in R N with Lipschitz boundary, u 0 ∈ L 1 (Ω) and Ω u 0 (x)dx > 0. The functions A := (A 1 , . . . , A N ) are regular and are assumed to satisfy the following structure conditions: 5) with 2N N +1 < p < 2 and c 0 , c 1 given positive constants.
is a weak solution of (1.1)-(1.3), if for any compact subset K of Ω and for every subinterval
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, where φ is a bounded testing function. We use this definition of solution because u t may have a modest degree of regularity and in general has meaning only in the sense of distributions. For more details see [2] , Chap. II, Remark 1.1.
In the last few years, several papers were devoted to the study of the asymptotic behaviour of solutions to the porous media and the p-Laplace equations. We refer the reader to the recent monograph by Vazquez ([12] ) and to the references therein. In almost all these references the Authors use elliptic results to study the asymptotic behaviour of the solutions. If, on one hand, this makes the proof simple and very elegant, on the other hand it appears that this method is not flexible and cannot be applied for more general operators. In recent papers ([8] ), ([9] ) the Authors followed an alternative approach introduced by Berryman-Holland ([1]) and used in the context of the asymptotic behaviour of solutions to degenerate parabolic equations in [3] , [7] and [10] . This approach is more parabolic than the previous one, namely, relying on the properties of the evolution equations, it is possible to study the asymptotic behaviour of the solutions and derive the elliptic properties of the asymptotic limit as a by-product.
This new method is applied to study the case of equations with time dependent coefficients for the degenerate case.
We recall to the reader that in the singular case the phenomenon of the extinction of the solution in finite time occurs. This fact compels us to employ different techniques and mathematical tools with respect to the degenerate case. This generalization is based on recent techniques developed in [5] , that allow us to avoid the use of comparison functions as in [3] and [10] . With respect to the results proved in [8] and [9] , here we use the Rayleigh quotient.
Remark 1.1. For the sake of simplicity, in this paper we consider only the case of initial boundary value problem (1.1)-(1.3), under the structure assumptions (1.4)-(1.5). It is possible to prove similar results in the case of porous-medium like equations, or even doubly nonlinear equations and for mixed boundary conditions (using the techniques introduced in [10]). Remark 1.2. As we take the initial datum in L 1 (Ω) we are compelled to limit ourselves to the case 2N N +1 < p < 2. Actually, under this threshold, solutions of a Cauchy-Dirichlet problem with initial datum in L 1 could be unbounded (see, for instance, [2]).
The structure of the paper is as follows: in Section 2 we prove some preliminary results, that will be useful in the sequel. In Section 3, first we state some estimates from above, valid for the solution of the initial value problem (1.1)-(1.3) and then we prove proper estimates from below. In Section 4 we study the behaviour of solution up to the boundary. Finally in Section 5 we are able to prove the results concerning the asymptotic behaviour of the solution.
